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We generalize the vacuum static black string solutions of Einstein's equations with negative cos- 
t^J- | mological constant recently discussed in literature, by including an electromagnetic field. These 

higher-dimensional configurations have no dependence on the 'compact' extra dimension, while their 
boundary topology is the product of time and S d ~ 3 x S 1 or H d ~ 3 x S 1 . Rotating generalizations 
' of the even dimensional black string configurations are considered as well. Different from the static, 

neutral case, no regular limit is found for a vanishing event horizon radius. We explore numerically 
the general properties of such classical solutions and, using a counterterm prescription, we compute 
their conserved charges and discuss their thermodynamics. We find that the thermodynamics of the 
^H. black strings follows the pattern of the corresponding black hole solutions in AdS backgrounds. 



1 Introduction 

Over the past decade there has a been a considerable interest in the physics of black holes in anti-de 
Sitter (AdS) backgrounds. This interest is mainly motivated by the proposed correspondence between 
physical effects associated with gravitating fields propagating in an AdS arena and those of a conformal 
field theory (CFT) on its boundary [HI2]- In light of this AdS/CFT correspondence, asymptotically 
AdS black hole solutions would offer the possibility of studying some aspects of the nonperturbative 
structure of certain quantum field theories. For example, the Schwarzschild-AdSs Hawking-Page phase 
transition [3 J is interpreted as a thermal phase transition from a confining to a deconfining phase in the 
dual D = 4, M = 4 super Yang-Mills theory [3], while the phase structure of Reissner-Nordstrom-AdS 
(RNAdS) black holes, which resembles that of a van der Waals-Maxwell liquid-gas system is related to 
the physics of a class of field theories coupled to a background current [5]. 

In view of this duality, it is of interest to find new solutions of Einstein equations with negative 
cosmological constant and study their physics, trying to relate it to the physics of the boundary CFT. 
Both Schwarzschild- and RNAdS black hole solutions in d dimensions have an event horizon of topology 
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S d ~ 2 , which matches the S d ~ 2 topology of the spacelike infinity. In [6] there were presented both 
analytical and numerical arguments for the existence of a different type of d = 5 configurations, with 
an event horizon topology S 2 x 5 1 . These configurations have no dependence on the 'compact' extra 
dimension, and their conformal boundary is the product of time and S 2 x S 1 (note that due to the non- 
linearity of the field equations, it was impossible to find the exact solutions with such properties). These 
solutions have been generalized to higher dimensions d > 5 in [7|, configurations with an event horizon 
topology H d ~ 3 x S 1 being considered as well. Black objects with event horizon topology S d ~ 3 x S 1 
matching that of the spacelike infinity are familiar from the A = physics and they are usually called 
black strings [8]. The solutions in [BJ [7] present many similar properties with the A = case, and 
are naturally interpreted as the AdS counterparts of these configuration^]. However, different from the 
A = limit, it was found in [Tj that the AdS black string solutions with an event horizon topology 
S d ~ 3 x 5 1 have a nontrivial, globally regular limit with zero event horizon radius. As argued in [SIE], 
these solutions provide the gravity dual of a field theory on a S d ~ 3 x S 1 x S 1 (or H d ~ 3 x S 1 x S 1 ) 
background. 

In this paper we consider further generalizations of these black string solutions in two different 
directions. Our considerations will be at the classical level. First, we explore the black string counterparts 
of the RNAdS black holes by studying static black string solutions of the Einstein-Maxwell (EM) gravity 
with negative cosmological constant. As expected, all vacuum black strings admit electrically charged 
generalizations. However, this is not the case for the vortex-like structures described in [7], since no 
regular solution is found in the rh — > limit. Certain A < charged black string solutions have 
been known for some time in the literature: in five-dimensional AdS backgrounds there exists an exact 
solution describing magnetically charged black strings [10]. However, for these solutions the magnetic 
charge of the black strings depends non-trivially on the cosmological constant and their limit (if any) in 
which the magnetic charge is sent to zero in order to recover the uncharged black strings in AdS is still 
unknown. By contrast, the solutions discussed in this paper describe electrically charged black strings 
and, furthermore, for our solutions there exists a natural zero charge limit in which case we recover the 
previously known neutral black strings. Other interesting AdS solutions whose boundary topology is a 
fibre bundle S 1 x S 1 S 2 have been found in [11] and later generalised to higher dimensions in [12] 



(see also the solutions in [13])o Their charged counterparts have been found in even dimensions only 
and their properties have been discussed in |15j . 

The AdS black strings have also rotating generalizations, which are discussed in the second part of our 
paper. Recall that the A = counterparts of these solutions can be found by taking the direct product 
of a {d— l)-dimensional Myers-Perry solutions [16] with a circle. Higher dimensional rotating black with 
AdS asymptotics have been found in [T71 [18]. However, due to the presence of a cosmological constant, 
these AdS rotating solutions cannot be uplifted to become black string solutions of higher dimensional 
Einstein gravity with a cosmological constant and one has to find such solutions by the brute-force 
solving of Einstein's equations. A general spinning black string solution in d dimensions is characterized 
by [(d — l)/2j angular momenta, corresponding to independent rotations in the [(d — l)/2j orthogonal 

1 Note that the uniform solutions in [6j [7] are very different from the warped AdS black strings as discussed for instance 
in 0. 

2 Other locally asymptotically AdS geometries with non-trivial boundary geometries and topologies can be found in [14] . 
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spatial 2-planes, by its mass/energy and its tension_|. The general solution will present a nontrivial 
dependence on the (d — 4)/2 angular coordinates, which makes the problem difficult to treat numerically. 
However, in the even-dimensional case, the ansatz is greatly simplified by taking the apriori independent 
(d — 2)/2 angular momenta to be equal in order to factorize the angular dependence [19]. This reduces 
the problem to studying the solutions of five differential equations with dependence only on the radial 
variable r. 

In this work we examine the general properties of both charged and rotating solutions and compute 
their global charges by using a counterterm prescription. We discuss the thermodynamics of the charged 
and rotating black string solutions in both the grand-canonical and the canonical ensemble. It turns out 
that the black string thermodynamics resembles closely that of the corresponding charged and rotating 
black holes with spherical horizons in AdS backgrounds [T7] . 

Our paper is structured as follows: in the next section we explain the model and derive the basic 
field equations. We also describe the computation of the physical quantities of the solutions such as 
their mass-energy, tension, angular momenta and action. The general properties of the static charged 
black string solutions are presented, using numerical methods, in Section 3, while in Section 4 we present 
the results obtained by numerical calculations in the case of the rotating black string solutions. The 
thermodynamical features of the obtained black string solutions are discussed in Section 5. In Section 
6 we present a method to derive other solutions locally equivalent with the black string geometries and 
show how to obtain new rotating black hole solutions in the lower dimensional EM-Liouville theory 
obtained by Kaluza-Klein compactification. We give our conclusions and remarks in the final section. 



2 The general formalism 

We start with the following action principle in (i-spacetime dimensions: 

/o = TT^V / d d x^-g(R - 2A - F 2 ) - -L- f d^x^K, (1) 
loTrGd Jm o7rGrf J dM 

where Gd is the gravitational constant in d dimensions, A = —{d — — 2)/(2£ 2 ) is the cosmological 
constant and F = dA is the electromagnetic field strength. Here A4 is a d-dimensional manifold with 
metric K is the trace of the extrinsic curvature K a b = — 7^V c nft of the boundary dM with unit 
normal n a and induced metric j a b- 

As usual, the classical equations of motion are derived by setting the variations of the action (pQ) to 
zero. In our case, by varying the above action one obtains the EM system of field equations: 

GW ~ ^ ~ 2^ ~ 2) 9r = 8ttG T^, V,F^ = 0, (2) 

together with a Bianchi identity for the electromagnetic field dF = 0. Here G^ u is the Einstein tensor 
and T^y = {F^F® — \F ap F ap is the stress tensor of the electromagnetic field. However, in 
deriving the above field equations we must pay particular attention to the boundary condition to be 
imposed on the electromagnetic potential A. If one keeps the value of the electromagnetic potential 
fixed on the boundary we obtain directly ((2J) and the action (JTJ) will be appropriate for studying the 



Here [^J denotes the integer part of the quantity x. 
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thermodynamics of the charged black string using the grand-canonical ensemble. On the other hand, if 
one performs a study of the canonical ensemble with fixed charge on the boundary, one has to fix the 
value of n a F ab on the boundary and the action dU) will have to be modified accordingly [20] : 

—— . d^xV^jF^naA,,. (3) 

47TGrf J dM 

Note that the rotating solutions to be discussed in Section 4 are found for a vanishing gauge field An = 0. 

When evaluated on non-compact solutions of the field equations, it turns out that the action (pQ) 
diverges. The general remedy for this situation is to add counterterms, i.e. coordinate invariant func- 
tional of the intrinsic boundary geometry that are specifically designed to cancel out the divergences. 
To regularize the divergences in the gravitational action sector, the following boundary counterterm part 
is added to the action principle ([1]) [2JJ, [25] : 



8irG d J \ I 2(d-3) 2(d-3) 2 (d-5) \ 4(d - 2) 



r-H. 



0(d-8) {3d-l, D d 2 -l 



RR ab R ab - — - — — R d 



(d - 3) 3 (d - 5)(d - 7) \4(d - 2) a ° 16(d - 2) 2 

-2R afe R cd R acM --lzJ_V a RV a R + V c R ab V c R af) ) + ... J , (4) 

where R and R ab are the curvature and the Ricci tensor associated with the induced metric 7. The series 
truncates for any fixed dimension, with new terms entering at every new even value of d, as denoted by 
the step- function (0 (x) = 1 provided x > 0, and vanishes otherwise). 

However, as we shall find in the next two sections, given the presence for odd d of log(r/^) terms in 
the asymptotic expansions of the metric functions (with r the radial coordinate), the counterterms ([2J) 
regularise the action for even dimensions only. For odd values of d, we have to add the following extra 
terms to (IT]) [23]: 

1 r , , , , ,r\ r i 3 ,1 



^ I 3 
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RR ab R ab - ^R 3 - 2R ab R cd Racbd -^R afe V a V 6 R + R ab nR ab - ^RDr) ^,7 + •••}■ 



Using these counterterms in odd and even dimensions, one can construct a divergence-free boundary 
stress tensor from the total action / = Iq + i£t + ^ct by defining a boundary stress-tensor: 



Tab 
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Consider now a standard ADM decomposition of the metric on the boundary: 

j ab dx a dx b = -N 2 dt 2 + a ij (dy i + N i dt)(dy j + N j dt), (5) 

where and N l are the lapse function, respectively the shift vector, and y l , % = 1, . . . , d — 2 are the 
intrinsic coordinates on a closed surface E of constant time t on the boundary. More generally, we can 
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consider an ADM decomposition of the spacetime metric in d dimensions, which will give rise to © on 
the boundary. Then a conserved charge 

£ c = jj d ' 2 y^u a i b T ab , (6) 

can be associated with the closed surface S (with normal u a ), provided the boundary geometry has 
an isometry generated by a Killing vector £ a . The conserved mass/energy M is the charge associated 
with the time translation symmetry, with £ = d/dt. Similarly to the A = case, there is also a second 
charge associated with the compact z direction, corresponding to the black string's tension T. For the 
even-dimensional spinning solutions considered in Section 4 there are also id — 2)/2 angular momenta 
J,, representing the charges associated to the Killing vectors corresponding to angular directions. 

For a charged solution, the electric field with respect to a constant r hypersurface is given by = 
g^ p F pv n v . The electric charge of the charged solutions is computed using Gauss' law by evaluating the 
flux of the electric field at infinity: 

Qe = — ^ £ d d ~ 2 yV^u a n b F ab . (7) 

If is the electromagnetic potential, then the electric potential <I>, measured at infinity with respect to 
the horizon is defined as |24j : 

$ = - A^\r=r h , (8) 

with a Killing vector orthogonal to and null on the horizon. 

The thermodynamics of the black objects is usually studied on the Euclidean section |25[ I26j. The 
static vacuum Lorentzian solutions discussed in [7] extremize also the Euclidean action as the analytic 
continuation in time has no effect at the level of the equations of motion. However, this is not the 
case of the solutions discussed in this paper since it is not possible to find directly real solutions on the 
Euclidean section by Wick rotating t — ► ir the Lorentzian configurations. Even if one could accompany 
the Wick rotation with various other analytical continuations of the parameters describing the solution, 
given the numerical nature of these solutions, there is no assurance that the modified metric functions 
will also be solutions of the field equations in Euclidean signature. In view of this difficulty one has 
to resort to an alternative, quasi-Euclidean approach as described in [2T^I . The idea is to regard the 
action / used in the computation of the partition function as a functional over complex metrics that 
are obtained from the real, stationary, Lorentzian metrics by using a transformation that mimics the 
effect of the Wick rotation t — > ir. In this approach, the values of the extensive variables of the complex 
metric that extremize the path integral are the same as the values of these variables corresponding to 
the initial Lorentzian metric. 

If there exists an horizon located at r = r^, using the quasi-Euclidean metric we can compute as 
usual the Hawking temperature by identifying the r coordinate with a certain period found by demanding 

4 Note also that not all solutions with Lorentzian signature present reasonable Euclidean counterparts, in which case one 
is forced to consider a 'quasi-Euclidean' approach. The d = 5 asymptotically flat rotating black ring solutions provides an 
interesting example in this sense [28]. See also [29] for a variant of the quasi-Euclidean method as applied to NUT-charged 
spaces. 
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regularity of the metric on the horizon. This fixes the temperature as the inverse of period (3 of r. It 
is easy to check that, for the metric forms considered in this paper, we obtain the standard relation 
Th = k-h/2tt, where: 

K 2 H = -^ a X b V aXb \ r=rh , (9) 
is the surface gravity, which is constant on the horizon. 



3 Static charged solutions 
3.1 The ansatz and equations 

Similarly to the neutral black string metric ansatz in [7], we consider here the following parametrization 
of the d-dimensional line element (with d > 5): 

ds 2 = a{r)dz 2 + J^+ r 2 dT? k4 ^ - b{r)dt 2 , (10) 



where the (d— 3)-dimensional metric dS? d _ 3 is 



dS 2 



k,d-3 



dn 2 d _ 3 for k = +1 

J2tidx 2 for£; = (11) 
dH d _ 3 for k = — 1 , 



where d£l d _ 3 is the unit metric on S d ~ 3 . By H d ~ 3 we will understand the (d— 3) -dimensional hyperbolic 
space, whose unit metric dE d _ 3 can be obtained by analytic continuation of that on S d ~ 3 . The direction 
z is periodic with period L. 

In the remainder of this paper we shall consider an electric ansatz for the electromagnetic field 
A = V(r)dt. We can then easily solve the Maxwell equations in ([2]) by taking: 



ptr = _S_ fir) ^ ^ 
r d ~ 3 y a(r)b(r) ' 

where q is an integration constant, to be related to the electric charge Q. We then find the electromagnetic 
potential A = V{r)dt by a simple integration: 



r d ~ 3 W a(r)f(r) 



V(r) = I -h\l^^dr + ^ (13) 



Here $ is a constant to be fixed later. 

The Einstein-Maxwell equations with a negative cosmological constant imply then that the metric 
functions a(r), b{r) and f(r) are solutions of the following equations: 

j,_ 2k(d-4) | 2(d-l)r 2(d-4)/ fa! | b'\ Aq 2 



r £ 2 r J \a b J (d- 2)r 2d - 7 a 
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(d-3)(d-4)6 (d- 3)(d-4)fcb (d - l)(d-4)6 (d - 3)6a' 

^2 ^ J2f + — ( 14 ) 

(d - 4)6' (d - 4)fc6' (d - l)rb' a'b' IP 2q 2 (3d - 8)6 + rb' 
+ r rj Wf + ~2a~ + T + r 2(d-3) ( d _ 2 )a/ ' 

a' _ 2 b[£ 2 (d-3)(d-4:)(k- f) + (d-l)(d-2)r 2 ]-(d-3)r£ 2 fb' Aq 2 b 

7~ r£ 2 /[^' + 2(d-3)6] r 2d - 7 fa[rb' + 2{d-3)b] 

For A; = 0, the EM equations admit the exact solution a = r 2 , f = 1/6 = -2m/r d ~ 3 + r 2 ji 2 + 2q 2 /((d - 
2){d - 3)r 2 ^-^), V(r) = q/(r d - 3 (3 - d)) + $, which was recovered by our numerical procedure. This 
k = solution appears to be unique, corresponding to the known planar EM topological black hole. 
Therefore in the remainder of this section we will concentrate on the k = ±1 cases only. 

3.2 Asymptotics 

We consider solutions of the above equations whose boundary topology is the product of time and 
S d ~ 3 x S* 1 or H d ~ 3 x S 1 . As in the case of the neutral black string, we find that, for even d, the metric 
functions admit at large r a power series expansion of the form: 

2 ( rf ~ 4 )/ 2 

r \ - ,i 



a{r) = -+ £ a 3 {-) 2 ^+c z {-) d ^+0{l/r 



3=0 

2 ( d ~ 4 )/ 2 / p 

6 W = 72+ E ^(-) 2j +Q(-) d - 3 + 0(l/r' i - 2 ), (15) 
j=o 

f(r) = T2 + E /,R 2j + fe+Q)0 d - 3 + O(l/r rf - 2 ), 

where a^, /j are constants depending on the index fc and the spacetime dimension only. Specifically, we 
find 

_ ( d-A . (d-4) 2 fc 2 _ (d-4) 3 (3d 2 - 23d + 26)fc 3 

a °"^^^' ai ~ ( d _ 2 )(d-3) 2 (d-5)' a2 ""3(d-2) 2 (d-3) 3 (d-5)(d-7) ' ( ' 



_ fc(d-l)(d-4) 2(d-4) 3 (d 2 -8d + ll)fc 3 

70 (d-2)(d-3)' 71 72 (d-2) 2 (d-3) 3 (d-5)(d-7) ' 1 J 

their expression becoming more complicated for higher j, with no general pattern becoming apparent. 
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The corresponding expansion for odd values of the spacetime dimension is given b}@ 

»M = ^ + ( E /2 «,(^>Clog(J)A- 3 + C,(V3 + (^), 
3=0 

Kr) = ^ + ( E / ^i(^+Clog^)(^) d - 3 + c t (^- 3 + 0(^), (18) 
j=0 

m = ^/xf 2 /,(^) 2j +2ciog(j)(^)^ + ( C , +Ct+C o)(^- 3 + o(^), 

j=0 

where we note ( = 0(d-3)/2 Efc>o( d ~ 2 ^ ~ l)^,2fc+i, while 

n f w * 9 ^ f w 7 90625fc 4 l 6 f , q nQ , 

en = tor a = 5, en = tor a = 7, en = tor a = 9. 19 

1600 21337344 v 7 

For any value of d, terms of higher order in t/r depend on the two constants q and c z and also on the 
charge parameter q. The constants (q, c z ) are found numerically starting from the following expansion 
of the solutions near the event horizon (taken at constant r = r^) and integrating the EM equations 
towards infinity: 

( , 2a h r h [a h (d-l)(d-2)rl d -2 q ^] 

a{r) = a h + —- — 2 L r — 2 — — = g (r - r h ) + a 2 (r - r h ) + 0{r-r h )'\ 

a h (d - 2)r^d[(d - \)r l h + k(d - 4)£ 2 \ - 2q l t l r\ 

b(r) = h(r-r h ) + b 2 {r-r h ) 2 + 0{r-r h f, (20) 



f(r) 



1 



(d - \)r\ + k(d - 4)£ 2 



2q 



2*2 



a h (d -2)rf d ^ 



(r - r h ) + f 2 (r - r h ) 2 + 0(r - r h ) c 



' h 

in terms of two parameters ah, b% (this expansion corresponds to a nonextremal solution). The quantities 
a 2 , b 2 and f 2 can easily be found out by expanding Einstein's equations near horizon. We found that 
they are given by complicated expressions in terms of a^, b\ and q and for simplicity we will not list 
them here. Let us also note that we considered the following expansion of the electromagnetic potential 
near horizon: 



,2*2 \ -1/2 



V(r) = V + jy ^ ( (d - l)r 2 + k{d - A)P - ^ ) (r -,,,)+ { r - „,)*. 

r h V h v a h (d - 2)r h " 



where Vq is a constant. Notice now that one can always set Vq = such that Af(fh) = 0. The physical 
significance of the quantity $ in (|13p is then that it plays the role of the electrostatic potential difference 
between the infinity and horizon. 

The condition for a regular event horizon is /' (r/J > 0, with b'(rh) > and we find that must 
satisfy the equation: 

„2/>2 



2q l 
aJd-2) 



(d - l)rf " b + Jfc(d - 4)r rf " 8 > : % n , . (21) 



5 Note that in both even and odd dimensions one finds the asymptotic expression of the Riemann tensor R^" = 
(S^5l-d^)/f + 0(l/r d - i ). 
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For the uncharged string with k = — 1, this implies the existence of a minimal value of r^, i.e. for a 
given A, r/j > i^JJd— 4)/(d — 1). One can see that this is also a lower bound in the charged case as well, 
since in (|2ip one has et^ > and therefore the left hand side should be positive. If the equality in (|2ip 
is saturated the black hole horizon is degenerate and it corresponds to an extremal electrically charged 
black string. For the usual RN black hole in AdS backgrounds, a similar inequality imposes a bound on 
the mass of the black hole, which is again saturated for the extremal solution [5J. Note also, using (|13p 
and (|20p . that no reasonable charged solution can exist in the — » limit. 

3.3 Properties of the charged solutions 

The global charges of these solutions are computed by using the counterterm formalism presented in 
Section 2. The computation of the boundary stress-tensor T a ^ is straightforward and we find the following 
expressions for mass and tension0 

fd-4 

M = M + , M = [c z - (d - 2)c t ] LV M _ 3 , (22) 

T = T + , T = [( d _ 2 )c z - c t ) V M _ 3 , (23) 

where Vk,d-3 is the total area of the angular sector. Here M^ ,d ^ and tP are Casimir-like terms which 
appear for an odd spacetime dimension only, 

M ( M ) = _ LT (M) = _^l v L (± 6d5 - —S d 7 + ...) . (24) 
16ttG ' d V 12 1600 / 

Using (J7|) the electric charge is found to be: 

n qLVk,d-3 foK ^ 

q = -^gT- (25) 

The Hawking temperature Th = kh/^ as obtained from the standard relation ([9]) is: 



The area A// of the black string horizon is given by 

A H = r d h ~ 3 V k4 . 3 L^ . (27) 

As usual, one identifies the entropy of black string solutions with one quarter of the even horizon area^j 
5 = A H /4G d . 

It is also possible to write a simple Smarr-type formula, relating quantities defined at infinity to 
quantities defined at the event horizon. To this aim, we integrate the Killing identity V^V^C^ = R vtl ^, 



6 Note that one can define a dimensionless relative tension [30] n = TL/M, which is constant for A = uniform solutions. 
However, this quantity is configuration dependent for the AdS black strings. 

7 This relation has been derived in [7] by using Euclidean techniques. This is not possible for these electrically charged 
solutions, which do not solve the equations of motion for an Euclidean signature. However, it can be deduced using the 
quasi-Euclidean approach. 
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Figure 1: The profiles of the metric functions a(r), b(r), f(r) and the electric gauge potential V(r) are shown for 
a typical d — 7, k — 1 charged black string solution. 



for the Killing vector = 8^, together with the Einstein equation R\ = (R — 2 A + F 2 )/2. Next step is 
to evaluate the tree level action ([1]) by isolating the bulk action contribution at infinity and at r = r/,. 
The divergent contributions given by the surface integral term at infinity are also canceled by /surface +Ict- 
The same approach applied to the Killing vector £ M = 8t yields the result: 



which together with 

lead to the Smarr-type formula 



/ = -I3TL. (28) 
T H (S + I) = M-$Q. (29) 

M + TL-$Q = T H S . (30) 



3.4 Numerical results 

Although an analytic or approximate solution of the equations (|14p ) appears to be intractable, here 
we present arguments for the existence of nontrivial solutions, which smoothly interpolate between the 
asymptotic expansions (f20|) and fp~8|) or (fT5j) . The numerical techniques we used to find charged black 
string solutions are similar to those employed in the vacuum case. 

Starting from the even horizon expansion (|20|) (with V(rh) = 0) and using a standard ordinary 
differential equation solver, we integrated the EM equations adjusting for shooting parameters and 
integrating towards r — > oo. The integration stops when the asymptotic limit (|15p . (|18p is reached with 
a reasonable accuracy. Given (k, d, A, q, r^), solutions with the right asymptotics exist for one set of 
the shooting parameters (ah, b±) only. 

The results we present here are found for 1 = 1. However, the solutions for any other values of 
the cosmological constant are easily found by using a suitable rescaling of the t = 1 configurations. 
Indeed, to understand the dependence of the solutions on the cosmological constant, we note that the 
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Figure 2: The mass-parameter M, the tension T, the Hawking temperature Th and the entropy S as well as the 
value of the electric potential at infinity $ are represented as functions of the event horizon radius for d = 5, k = 1, 
respectively d = 6, fc = — 1 black string solutions with fixed values of the electric charge. Note that here and in 
Figure 3 we have subtracted the Casimir terms for d = 5 configurations. 

EM equations (|14jl ) are left invariant by the transformation: 



Therefore, starting from a solution corresponding to £ = 1 one may generate in this way a family of 
£ 1 solutions, which, similarly to the vacuum case, are termed "copies of solutions" [30]. The new 
solutions have the same length in the extra-dimension. Their relevant properties, expressed in terms of 
the corresponding properties of the initial solution, are as follows: 



We have found numerically charged static black strings solutions with AdS asymptotics in all dimensions 
between five and ten. They are likely to exist for any d > 5. For all the solutions we studied, the metric 
functions o(r), b(r) , f(r) and the electric gauge potential V(r) interpolate monotonically between the 
corresponding values at r = r/, and the asymptotic values at infinity, without presenting any local 
extrema. As a typical example, in Figure 1 the metric functions a(r), b(r) and f(r) as well as the electric 
gauge potential V(r) are shown as functions of the radial coordinate r for a d = 7, k = 1 solution with 
Th = 1.1, Q = 1.37. One can see that the term r 2 /£ 2 starts dominating the profile of these functions 
very rapidly, which implies a small difference between the metric functions for large enough r, while the 
gauge potential V(r) approaches very fast a constant value. 

The dependence of various physical parameters on the event horizon radius is presented in Figure 
2 for d = 5, k = 1 and d = 6, k = — 1 solutions with fixed values of Q. These plots retain the basic 
features of the solutions we found in other dimensions (note that in this paper we set L = Vfc d-z/Gd = 1 
in the numerical values for the mass, tension, angular momentum and entropy and LVk^d-s/^Gd = 1 
for charge; also we subtracted the Casimir energy and tension in odd dimensions). For a given value of 
the electric charge, the mass, tension and entropy of charged solutions increase monotonically with r^. 
Alternatively, one may keep fixed the value $ of the electric potential at infinity. The corresponding 



r ^r = Xr, £ -» £ = X£, q -» q = A d_4 g 



(31) 



r h = Xr h , A = A/A 2 , T H = T H /X, M = X d ~ A M, Q = A^ 4 Q, and T = X d ~ 4 T. 



(32) 
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r h r h 
Figure 3: The mass-parameter M, the tension 7~, the Hawking temperature T#, the entropy S as well as 
the electric charge Q are represented as functions of the event horizon radius for d = 5, k = 1, respectively 
d = 6, fe = — 1 black string solutions with fixed values of the electric potential at infinity. 

picture in this case is shown in Figure 3 for a set of d = 5 solutions with an S 2 x S 1 topology of the 
event horizon. 

As expected, for any value of Q ^ 0, we notice the presence of a minimal value r[ m ^ of the event 
horizon radius. As — > ri; m ' a critical solution is approached and the numerical solver fails to converge. 
The study of this critical solution seems to require a different parametrization of the metric ansatz and 
is beyond the purposes of this paper. Also, for both k = ±1 cases, we did not notice the existence of a 
maximal allowed value of the event horizon radius. 



4 Rotating neutral solution with equal magnitude angular momenta 
4.1 The equations and boundary conditions 

To obtain stationary black string solutions, representing rotating generalizations of the k = 1 static 
solutions discussed in [7J, we consider even dimensional space-times with N = (d — 2)/2 commuting 
Killing vectors r\ k = d Vk . 

We employ a parametrization for the metric, well suited for numerical work, corresponding to a 
generalization of the Ansatz previously used for static black strings^] 



ds 2 = _ b{r)dt 2 + a(r)dz 2 + ^_ + g{r) ^-l cog2 e . j d0 2 

+Kr) EjLi (nf=o cos 2 ei) sin 2 9 k (dtp k - w{r)dtf (33) 
+{g(r) ~ h(r)) {ELl (nt"o cos 2 0) sin 2 9 k d^ k - [^ = i {Uto ™s 2 e) sin 2 8 k d n 



where 6 = 0, ^ G [0, vr/2] for i = 1, . . . , N - 1, N = vr/2, ip k G [0, 2vr] for k = 1, . . . , N. Note that the 
static black strings in even dimensions discussed in [7] are recovered for w(r) = 0, h{r) = g(r) = r 2 . 



A closely related ansatz has been used to find higher dimensional generalizations of the Kerr-Newman black hole 
solutions with equal magnitude angular momenta in asymptotically flat [19] and AdS [31] spacetimes. 
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A convenient metric gauge choice in the numerical procedure is h(r) = r 2 . Thus we find the following 
field equations: 



0/_ 

a 



b( - 4(d - l)(d - 2)rg 2 - 4(d - 4)fg((d - 2)r - fg') 



2£ 2 fg (rgb' + b(2g + (d - A)rg')) 



+(d - 4)r£ 2 (Ar 2 + (d - 5)fg' 2 ) + 2£ 2 fg((d - A)rb' g' + g(2b' + r 3 w' 2 )) 



fl _ _J_ ( (d-4)(2d-3)r 3 _ (d-A)(d-2)r _,_ (d-l)(d-2)r 
■' ~ d-2\ g 



-d + 3)/ + - ^ziW + + (d-vid-iyrf gl2 ^ 



(34) 



2ag 



-a g 



h" - -L- [ (d-4)(d-5)b l2 , (2rf-3)r 2 /2 _ (d-3)(d-4) ,/ / (rf-4)h „;„; _ (d-2) u fl 
(d-2)b' 2 _ (d-3) /,/ , 6a' _ (d-3)b' , (rf-4)6g' (rf-4)r 2 6 _ (rf-2)(rf-4)6 (rf-l)(rf-2)6 



2b 



2a u ^ ra 



7r 



fg 



+ 



i)( 



ci-2 \ 26 



, (4-3d> 2 rf(rf-2) (d-l)(d-2)g 
"r + j H JTJ 



fg 



The last equation in the relations above implies the existence of the first integral 



d-4 1 




/•" \l a/' 



w = ag 2 

where a is a constant fixing the total angular momentum J of the solutions. 



(35) 



4.2 Asymptotic expansion and physical quantities 

We are interested in black string solutions, with an horizon located at a constant value of the radial 
coordinate r = r^. Restricting again to nonextremal solutions, the following expansion holds near r = r\{. 

f(r) = fi{r - r h ) + f 2 (r - r h ) 2 + 0{r - r h ) 3 , g(r) = g h + gi{r - r h ) + 0{r - r h ) 2 , 

a(r) = a h + di{r - r h ) + 0(r - r h ) 2 , b(r) = bi(r - r h ) + b 2 (r - r h ) 2 + 0(r - r h ) 3 , (36) 

w(r) = w h + wi(r - r h ) + 0(r - r h ) 2 , 

in terms of four essential parameters a^, b±, and g^. The remaining quantities d±, b 2 , W\ and f 2 
that appear in the above near-horizon expansion can be found out by solving Einstein's equations near 
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horizon and are given by complicated expressions in terms of a^, i>i, and g^. The metric functions 
have the following asymptotic behaviour in terms of four arbitrary constants ct, c z , c g and c^: 

2 (<*-4)/2 

a(r) = ^+ 53 a i (^)^ + c,(V- 3 + 0(l/r d - 2 ), 
6(r) = ^+ J]) a^^ + Q^ + Oa//- 2 ), 

2 ( d ~ 4 )/ 2 « « 

/W = ^2+ E /,(-) 2j + (c + c t + (d-4)c 9 )(-) d - 3 + 0(l/r d - 2 ), (37) 

3=0 

g(r) = r 2 (l + c g {-) d ~ l ) + Oil/r^ 1 ), w(r) = c^-)^ 1 + 0(l/r d ), 

where ctj, fj are constants still given by (|16p . (|17p (with = 1). For any even value of d, terms of higher 
order in tjr depend on the three constants q, c z and c g and also on the parameter c v . The last relation 
in ([35]) together with the asymptotic behaviour ([3?]) implies: 

a = - Ctp (d - 5)e d ~ 4 . (38) 

Also, one can easily see that no reasonable rotating solution may exist in the — > limit. 

As in the (3 + l)-dimensional Kerr black hole case, the rotating black strings have an ergosurface 
inside of which the observers cannot remain stationary, and will move in the direction of rotation. The 
ergoregion is the region bounded by the event horizon, located at r = and the stationary limit surface, 
or the ergosurface, which is determined by the condition that on it the Killing vector d/dt becomes null, 
i.e. the surface given by gu = 0, where: 

N \ 

-9tt = 6(r) - r 2 W (r) 2 53 fJ cos 2 ^ sin 2 ^ fc = 6(r)-r 2 u;(r) 2 , (39) 

k=i \i=o J 

where in the last equality we have used the fact that in our ansatz 9^ = tt/2. To find out whether 
the ergosurface intersects the horizon, recall that from the near-horizon expansion (|36|) we have on the 
horizon b(rh) = 0, while w(rh) = 7^ and, therefore, there are no intersection points with the horizon. 

The Killing vector x = d/dt + ^2 k ^ltd/dipt is orthogonal to and null on the horizon. For the solutions 
within the ansatz (|33p . the event horizon's angular velocities are all equal, 0^ = £Ih = w{r)\ r=Th . The 
Hawking temperature Tjj = kh/2tt as obtained from ([9]) is: 



_ VWMM. (40) 

The area Ah of the rotating black string horizon is given by: 

Ah = r h gf- A)/2 V 14 ^L^. (41) 

Similarly to the static case, the conserved charged of the black strings are obtained by using the 
counterterms method in conjunction with the quasilocal formalism. Using the counterterms presented 
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Figure 4: The profiles of the metric functions a(r), b(r), f(r), g(r) and w(r) are shown for a typical d = 8 
rotating black string solution with = 0.5, Ojy = 1. 



in Section 2, the computation of is straightforward and we find the following expressions for mass, 
tension and angular momentunJ§: 



od-A 



M = TTTT V- -( d ~ 4 ) c * + ( d ~ 4 )%] LV ^-3 , ( 42 ) 

7 = vik [(i - i)c - - c, - (d - 2)cJ Vi - 3 ' Jw = J = itoJ d ~d K vj - 3 - 



A computation similar to that presented in Section 3.3 leads to the following Smarr-type relatio 

M + TL- ^ d ~ 2 ^ Q H J = T H S, (43) 



where as usual the entropy is S = Ah / 4G, 



4.3 Numerical results 



d- 



The equations (|34j) - (|35j) have been solved for several even values of d, special attention being paid to the 
case d = 6. This was done since the decay of the relevant parts of the metric functions is lower in the 
six dimensional case and this leads to better numerical accuracy; also, the properties of the d = 6 case 
appear to be generic. 

The numerical methods employed here are different from those used to describe the static charged 
black strings, and we used the differential equation solver COLSYS, which involves a Newton-Raphson 
method [32] . Rotating solutions are found by starting with a static vacuum configuration with a given 
and increasing the value of Vt^ or J. The Einstein equations have been solved for a range of imposing 
the appropriate boundary conditions at the horizon and at infinity. 



9 Note that these quantities are evaluated in a frame which is nonrotating at infinity. 

10 The coefficient (d — 2)/2 in the angular momentum contribution comes from fh Ji + ^2^2 + ■■• + fijv Jjv, where N = 
(d — 2)/2, with all these factors being equal in our case. 
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Figure 5: The mass-parameter M, the tension T, the Hawking temperature Th, the entropy S as well as the 
angular momentum J are represented as functions of the event horizon radius for d — 6 rotating black string 
solutions with fixed angular momentum J (Figure 5a) and fixed event horizon velocity Qh (Figure 5b). 

The set of boundary conditions is completely specified by fixing by hand either Qh or the angular 
momentum J through fixing the quantity c«. We used both possibilities that, apart from leading to 
different physical issues for the solution, provide useful consistency cross-checks of the numerical method. 

The complete classification of the solutions in the space of parameters is a considerable task that 
is not aimed in this paper. Instead, by taking I = 1 we analyzed in detail a few particular classes of 
solutions, which hopefully would reflect all relevant properties of the general pattern. Indeed, as in the 
charged case discussed in the previous section, the solutions for any other value of the cosmological 
constant are easily found by using a suitable rescaling of the 1=1 configurations. To this end, and 
to understand the dependence of the solutions on the cosmological constant, we note that the Einstein 
equations in the rotating case ()34|) - (j35[) are left invariant by the following transformational: 

r -> f = Ar, I -> I = \£, a^a = X d ~ 3 a. (44) 

Therefore, starting from a solution corresponding to I = 1 one may generate in this way a family of 
"copies of solutions" with i ^ 1, with the same length L for the z— direction. Their relevant properties, 
expressed in terms of the corresponding properties of the initial solution, are as follows: 

r h = Xr h , A = A/A 2 , f H = T H /X, Q H = fl H /X, M = A d ~ 4 M, J = X d ~ 3 J, and f = X d ~ 4 T. 

We first discuss the general features of solutions for a fixed angular velocity of the event horizon. In this 
case, we were able to construct branches of solutions for increasing for several values of h- These 
branches can alternatively be constructed by keeping fixed and increasing the parameter SIh- In this 
approach, we observe that the parameter ^'(r^)! becomes very large (likely infinite) for some maximal 
value of SIh- The precise evaluation of this value is not easy because the numerical analysis becomes 

11 A quick look at the field equations (|34p ~ (|35f ) . respectively at the asymptotic expansions of the metric functions, reveals 
that under this scaling symmetry o, b, f remain invariant while g — > X 2 g and w — > A -1 io. Notice that according to (|38|) we 
have c v — > A _1 c v3 . 
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very involved in this region; for example we obtain solutions up to tin < 1.22 in the case = 0.5. The 
maximal value of £Ih decreases slowly while increases. 

Again, the metric functions are monotonical functions of r, approaching fast the asymptotics (see 
Figure 4 for a plot of a typical d = 8 rotating configuration). Examining the component gu of the metric 
(see ([39]) ). we can determine the radius, say r e , for which gtt(r e ) = 0, determining the ergosurface. 
From the bounday conditions and (|39p we can see indeed that gu takes positive values for a some region 
Th < r < r e , as one can see in the inlet in Figure 4. For a given r^, the value of r e increases slightly with 
fin- For example, in the case d = 6, we find: 

r e ~ 0.508 , 0.525 , 0.527 for £l H = 0.5 ,1.0, 1.18 and r h = 0.5 , 
r e ~ 1.028 , 1.037 , 1.042 for tt H = 0.5 ,0.7, 0.85 and r h = 1.0 . 

In the limit rh —* 0, the rotating solution becomes singular, for any nonzero value of £Ih- This is 
indicated by the fact that some of the parameters, namely b' (rh) , w' (rh) , become infinite in this limit 
while J tends to zero. 

Studying the solutions in the plane (r^, J) with J fixed reveals that, for J > 0, black string solutions 
exist only for an horizon radius larger than a minimal value, i.e. > r^ (depending on J). This 
observation is in full agreement with the property discussed above, which states that no regular solution 
exist for w ^ 0. For instance, for J = 0.025 and J = 0.25 we find r[ m) « 0.48 and r[ m) » 0.82, 
respectively. 

Again, several quantities, namely b(rh),w(rh), —w'(rh), become very large in the limit — ► r h m \ 
In Figure 5 we present the dependence of various physical parameters on the event horizon radius 

for d = 6 solutions with a fixed value of either J or These plots retain the basic features of the 

solutions we found in other dimensions. 

5 Thermodynamics of the k = 1 solutions 

As we have mentioned in Section 2, the thermodynamics of the black objects is usually studied on the 
Euclidean section. However, for the solutions discussed in this paper it is not possible to find directly 
real solutions on the Euclidean section by Wick rotating t — > ir the Lorentzian configurations. In view 
of this difficulty one has to resort to an alternative quasi-Euclidean approach. Using this method we 
computed in Section 3 the thermodynamic quantities for the electrically charged black string, such as its 
mass, temperature, entropy, charge and electric potential, while in Section 4 we considered the similar 
thermodynamic quantities for the rotating black strings in even dimensions. 

Let us consider first the thermodynamics of the charged string. As it is well-known, small Schwarzschild- 
AdS black holes have negative specific heat (they are unstable) but large size black holes have positive 
specific heat (and they are stable). It was also found that Schwarzschild-AdS black holes are subjected 
to the Hawking-Page phase transition [3j: at low temperatures a thermal gas is a globally stable config- 
uration in the AdS background (since in this background, black holes can exist only for temperatures 
above a critical value) but when one increases the temperature above the critical value, the thermal 
bath becomes unstable and collapses to form a black hole. The results in [7] indicate that this is the 
case for k = 1 AdS vacuum black strings as well. The temperature of these configurations is bounded 
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Figure 6: Left: The inverse temperature (3 — 1/Tjj vs. the horizon radius for various values of the electric 
potential $. Right: The Gibbs free energy G vs. the Hawking temperature Tjj for charged static black strings in 
the grand-canonical ensemble. 



from below. At low temperatures one has a single bulk solution, corresponding to the thermal globally 
regular solution. 

At higher temperatures, above a critical value, there exist two bulk solutions that correspond to the 
so-called small (unstable) and large (stable) black string solutions. In [7] it has been suggested that there 
exists a similar Hawking-Page phase transition for the neutral black string. The entire unstable branch 
has positive free energy while the free energy of the stable branch goes rapidly negative for temperatures 
above a critical value. This critical value corresponds then to the temperature at which one observes a 
phase transition between the large black strings and the thermal globally regular background. 

The discussion of the charged case is more involved [5J. One can describe the thermodynamics using 
two different thermodynamic ensembles. The grand-canonical ensemble is defined by coupling the system 
to energy and charge reservoirs at fixed temperature Th and fixed electric potential <£. As we have seen 
in Section 3, a computation of the action using quasi-Euclidean methods leads to I = (3(M — &Q) — S, 
such that the Gibbs free energy is obtained asG = I/(3 = M — ThS — <&Q. 

One can plot the inverse temperature versus the horizon radius as in Figure 6 (left). Similarly to the 
RNAdS case one finds that there are two types of behaviour, determined by a critical value, <3? c , of the 
electric potential <£. For < <3? c one finds that the inverse temperature is bounded and goes smoothly to 
zero as rh — * 0, while for <E> > $ c one finds that (3 diverges when the radius of the extremal black string 
is reached. A graph of the Gibbs free energy vs. the Hawking temperature is presented in Figure 6 for 
various values of the electric potential $ (to simplify the picture, we consider only the d = 5, k = 1 case). 
In the large potential regime one has only one branch of large black string solutions and one can see that 
they are stable. In the low potential regime one has two branches of allowed solutions and similarly to the 
RNAdS case the small black strings are unstable, while the large black strings are stable and dominate 
the thermodynamics for all temperatures. If one fixes the value of the charge on the boundary then one 
deals with the canonical thermodynamic ensemble. The corresponding thermodynamic potential, the 
Helmholtz potential can be obtained from the Gibbs free energy by means of a Legendre transformation 
(see also ([3])) F = G + <&Q = M — ThS. A plot in Figure 7 of the inverse temperature f3 vs. the black 
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Figure 7: Left: The inverse temperature (3 — 1/Th vs. the horizon radius for various values of the electric 
charge Q. Right: The free energy F vs. the Hawking temperature Tjj for charged static black strings in the 
canonical ensemble. 

string horizon radius reveals the very interesting phase structure found previously in the RNAdS case 
[5]: for small values of the charge, bellow a critical value Q c , one finds that one can have three branches 
of black string solutions, while for large charges, greater than the critical value, one finds only one branch 
of large black strings, which are thermodynamically stable. 

In Figure 7 we present also a plot of F vs. temperature for several values of Q. The corresponding 
picture for RNAdS black holes was discussed in [5]. The black string picture here resembles again some 
of the features of the RNAdS case. Since there are three black string branches for small values of Q < Q c 
one can see that the free energy presents a part resembling the "swallowtail" shape of [5] as well. 

In the small charge regime, for low temperatures, there exists only one branch of black strings 
("branch 1"). However, unlike the RNAdS case this branch is unstable. Increasing the temperature 
one notices the apparition of two other branches of solutions ("branch 2" and "branch 3") and they 
separate from each other at higher temperatures. At some temperature the two branches ("branch 1" 
and "branch 2") coalesce and then disappear, while "branch 3" carries on till higher temperatures and 
at high enough temperatures the free energy of "branch 3" goes rapidly negative and, therefore, this 
branch dominates the thermodynamics in this regime. If the charge is greater than the critical value, one 
has only one branch of black strings. At high enough temperatures this branch is thermodynamically 
stable. 

The discussion of the thermodynamic properties of the rotating black string solutions in even di- 
mensions proceeds on similar lines. One has again the choice of two distinct thermodynamic ensembles 
to describe their physics. The grand-canonical ensemble corresponds in this case to fixing the Hawking 
temperature Th and the angular velocity £Ih on the boundary. In this case the thermodynamic Gibbs 
potential is given by G = M — ThS — (d — 2)0// J/2. There exists again a critical value of £Ih'- for values 
smaller than this critical value one has two branches (one stable and one unstable) of rotating black 
string solutions, while for values of Q,h greater than the critical value one obtains only one branch (un- 
stable) of black string solutions. The canonical ensemble corresponds to fixing the Hawking temperature 
Th and the angular momentum J on the boundary. The thermodynamic potential, which in this case it 
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Figure 8: The entropy is plotted vs. the Hawking temperature for the k = 1, d = 5 charged static and the k = 1, 
d = 6 vacuum rotating black string solutions. 

is Helmholtz' free energy, can be obtained from the Gibbs potential by means of a Legendre transform 
F = G + (d — 2)QhJ/2 = M — ThS. In this case our results indicate that the situation familiar from 
the static case remains valid for small values of J. For larger J, one finds however only one branch of 
solutions, which becomes stable at high enough temperatures. 

One can also attempt a discussion of the local thermodynamic stability of the black string solutions 
based on the numerical results presented in the previous sections, which arc valid for solutions with 
Lorentzian signature. Our results indicate that the presence of an electric charge or an angular mo- 
mentum has a tendency to stabilize the black strings. Here we shall restrict to the case of a canonical 
ensemble, in which case the length of the extra-dimension L, the electric charge or the angular momen- 
tum are kept fixed. The response function whose sign determines the thermodynamic stability is the 
heat capacity C = T (^) LX , with X = Q or J. As seen in Figure 8, the picture familiar from the static 
vacuum case is recovered for small electric charge or a small angular momenta. However, our numerical 
results suggest that only one branch of stable solutions exist for large enough values of the new global 
charges. Along this branch the entropy is increasing with the Hawking temperature and, as a result, 
the solutions have a positive heat capacity and therefore these solutions are locally thermodynamically 
stable. 

6 Einstein-Maxwell-Liouville black holes in lower dimensions 

Consider a theory in d dimensions described by the bosonic Lagrangian: 

C d = ^\l\(R-2K-- A Ff 2) ) , (45) 

where Fr 2 ) = dAny Assume that the fields are stationary and that the system admits two commuting 
Killing vectors (one of them is assumed to be timelike) . We will perform a dimensional reduction from 



_J „ I 1 l 1 | ] 
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d-dimensions down to (d — 2) -dimensions along two directions z and t. Our metric ansatz is: 



ds 2 



/2(d-3) , 



l (0)2 l 



_|_ e \/ 13=2^31' 



2(d-4) 



d-2 



while the Kaluza-Klein reduction ansatz for the electromagnetic potential field is: 

-4(1) = -4(1) + A {0)2 dt + A {0)1 dz. 



(46) 



(47) 



In these notations, the bosonic Lagrangean in (d— 2) dimensions, obtained by dimensional reduction 
of the EM theory from d-dimensions is given by: 



d-2 



R _ 2ke"J (*-2)(<i-3) W ( d -3) 2 (d -4)^ _ I(<90) 2 - ^(<90i) 2 



(d-2)(d-3) 



W(d-3Hd-4)^( F(2) )2 + ! e \/W*-^(fJ )2 )2 



i e \/W*(f (1)1 )2 + I e -V / ^ = 4^T* + V / W^( F(1)2 )2 



(48) 



Notice that the kinetic terms of the field strengths that carry an index 2 (corresponding to the timelike 
direction t) have the opposite signs to the usual ones in a dimensional reduction along a spatial direction. 
In general, the field strengths that appear in the dimensionally reduced Lagrangian have Chern-Simons 
type modifications and can be expressed in the following form: 



(1)2 



cL4( 0)2 = dx, J 7 }^ = A l m -dx/\Af 



■J I 



(2) 



dA 



(1)' 



F(i)2 = dA (0)2 - xdA m , F (2) = dA {1) - dA (0)l A (A\ x) - xA 2 {1) ) - dA (0)2 A A 



(i) • 



(49) 



We shall prove now that the above Lagrangian has a global symmetry group SL(2, R)/0(l, 1). 
First we perform the following field redefinitions: 

-4(i) = A h + xA h ' A h = A h ' A m = A m + A m A ^(i) + A m a a 2 {1) 

and in terms of the hatted potentials we obtain: 



F(2) — ^(i) + xdA(i) > ?\2) — dA 2 xj, 



(50) 



(51) 



respectively 



F (2) = dA {1) + A {0)1 A dAl 1} + A (0)2 A dA 



(i) 



= dA (l) + ( A 



l (0)2 -4( )! 



1 

1 



f 1 

M2) 
^(2) 



(52) 
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where J 7 ^ = dA l ^y with i = 1, 2. We make a further rotation of the scalar fields: 

( rh \ I \ I "qTTj ~ \ I "oTj ~ \ ( rh \ 

(53) 



( * \ 


- ( 







2(d-3) 

rf-2 
2(d-3) 




and define the matrix M by: 




■yp—Vl \ 

^ = I ~ 3, ? ^ 2 J • (54) 

Note that det M = — 1 hence M is not an SL(2,R) matrix. The {d — 2)-dimensional Lagrangean can 
then be written in the following compact form: 



24, 



£ d _ 2 = y/\}j\(R - 2AeV(d-2)(d-4) - -(S0) 2 + -tr[&M -1 &M] - -e VWWd=*> (F (2) ) 2 

_l e -A/M^T _ l e ^ F T (A1 -i )F(i)) i (55) 

where we have defined the column vectors: 

This Lagrangian is manifestly invariant under SL(2, R) transformations if we consider the following 
transformation laws for the potentials: 

M -► fl T Mfl, 4>^4>, i(i) i(i) 
f A (0)i ) ^ T f ^ , 

\ ^(0)2 / V ^(0)2 / 

where O G SL(2,R). 

The ansatz f)45[) - (|46 |) generalizes the transformation considered previously in |7] by the inclusion of 
an electromagnetic field in the initial Lagrangian in d dimensions and, also, by considering a general 
stationary metric ansatz in (d—1) dimensions (see also [34J for other work in this direction). Therefore, it 
is appropriate when treating the charged black string solutions as well as the neutral rotating solutions. 





6.1 The electrically charged solutions 

Let us apply now this technique to the new solutions presented in this paper. Consider first the case of 
the electrically charged black strings described in Section 3. Starting with the d dimensional metric (|10p 
and electromagnetic field fjl3[) and performing a double dimensional reduction along the coordinates z 
and t we obtain in (d — 2) dimensions the following fields: 

dsU = («6)^(^ + r 2 ^„ 3 ), e ^ = a, e-V^?^=6a^, 
A l {1) = 0, „4[ 1)2 = x = 0, A 2 {1) =0, A {1) =0, A [0)2 = 2V(r), A {0)1 = 0. (56) 
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Let us parameterize the matrix Q in the form: 

n = 



a f3 
7 (5 



a5 — /?7 = 1. 



(57) 



Rotating the scalar fields in {d — 2) dimensions and acting with the SL(2, R) transformation Q on the 
corresponding matrix M, the final scalar fields read: 



= ( a 2 a - 7 2 6) V 2 ( d " 3 > , e 01 = (a&)~ 
while the final electromagnetic potentials are given by: 



A (0)1 = 2 7 y(r), A m = 25V(r). 
Gathering all these results, we obtain in {d — 1) dimensions the following fields: 



ds d-i 



-ab(a 2 a - -f 2 b)~^dt 2 + (a 2 a - 7 2 6) 5r 3— + r 2 (a 2 a - 7 2 6)~d£ 2 . d _ 3 , 



(a z a-7 z 6) 



/ 

a/3a — 7<56 
v ' or a — 7 z o 



(58) 



(59) 



(60) 



4 ( o)i = 2r/V(r), A {0)2 = 25V(r). 



For = gL4( )i and Fr 2 \ = dAr \ 2 A dt this gives us a solution of the equations of motion derived from 
the following Lagrangian: 



Cd- 



1 



- 2AeV V-*Kd-3)* _ ^ e (d</>) 2 - ^eV ~&=W' P (F {1)1 ) 2 



/ 2(d-2) , 
^ <A (^( 2 )) 2 ) , 



(61) 



which corresponds to an Einstein-Dilaton theory with a Liouville potential for the dilaton and coupled 
with two electromagnetic fields and one scalar field. 

6.2 The rotating solutions 

Take now the case of the rotating neutral black string solutions in even d dimensions. One can set 
directly Am = A(o)i = A°) 2 = ^ * n ^ ne initial ansatz for the d dimensional fields and by comparing the 
metric (|33p with the Kaluza-Klein ansatz (|46p one reads straightforwardly the following fields in (d — 2) 
dimensions: 



ds 2 



d-2 



dr 2 
J 



N-l i-l 



N 



(a{b-r 2 w 2 )) 
r 4 (l — w 2 ) + r 2 (b + gw 2 ) — bg 



b — r 2 w 2 



i=l \j=0 

N \ 2 

Pkdtfk 



fc=i 



\k=l 



/ 2(d-3) , 
"V d=2 ^ 



a, e 



-VW^ = (6-rW)a^3, A 2 



?- 2 EfeLi Pfc^fc 
(i) - ~ 



b — r 2 w 



(i) 



0, A 



(62) 

(0)2 = °> 
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where we denoted: 



Pk = n c ° s2 ° i sin2 ° k - ( 63 ) 



J=0 



Rotating the scalar fields in (d — 2) dimensions and acting with the SL(2, R) transformation Q on the 
corresponding matrix A4, the final scalar fields read: 



= ( a 2 a - j 2 (b - r 2 w 2 )) V a C*- 3 ) , e 01 = [a(6 - r 2 u; 2 )] V 2 " d - 4 > (a 2 a - 7 2 (6 - r 2 w 2 )) V , 
while the final electromagnetic potentials are given by: 

where 

= ,1 _ «/3a-7^(^-^ 2 w 2 ) , . 

X - *>)2 - a 2 a _ 7 2( 6 _ r 2 w 2) • 

Gathering all these results, we obtain in {d — 1) dimensions the following fields: 

ds 2 ,! = - a (6-r 2 w 2 )[a 2 a-7 2 (6-rW)]"^((it + ^ 2 1) ) 2 + [a 2 a- 7 2 (6-r 2 u; 2 )]^^_ 2 , (66) 



{a 2 a -j 2 (b- r 2 w 2 )) V ^ ( ^ = > dt + ( a% _ /J) 



A- 



a 2 a — 7 2 (6 — r 2 w 2 ) v ^ '~ / b — r 2 w 2 
This gives us a solution of the equations of motion derived from the following Lagrangian: 



(d-2) . 

O V 

which corresponds to an EM-Dilaton theory with a Liouville potential for the dilaton. 

As a consistency check of our final solutions, one can see that if one takes 0, = I2 then one obtains 
the initial charged black string solution (fTOj) . respectively the neutral rotating black string solution ([33]) 
after oxidizing back to d dimensions. Also, if a = 5 = coshp and (3 = 7 = sinhp the effect of the 
SL(2,R) transformation is equivalent to a boost of the initial black string solution in the z direction. 

Let us notice that the final solution ((671) corresponds to a rotating charged black hole solution of 
the Einstein-Maxwell-Dilaton theory with a Liouville potential for the dilaton, generalizing the static 
charged black hole solution derived previously in [7J, which is recovered from the above by setting w = 0. 
For a generic Kaluza-Klein dimensional reduction, if the isometry generated by the Killing vector d/dz 
has fixed points then the dilaton will diverge and the (d — l)-dimensional metric will be singular at 
those points. However, this is not the case for our initial black string solutions and therefore the {d — 1)- 
dimensional fields are non-singular in the near- horizon limit r — > r^. Indeed, in the near horizon limit 
b(r) —* while a(r) —* ao and the (d — l)-dimensional fields are non-singular. As with the black hole 
solution discussed in [7J, the situation changes when we look in the asymptotic region. Recall from (j46]) 
that 



V 



2(d-3) 



d-v v = a 2 a- 7 2 (6 - r 2 w 2 ) (68) 
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gives the radius squared of the z-direction in d-dimensions and that it diverges in the large r limit. Then 
for generic values of the parameters in we find that g zz ~ r 2 and the dilaton field in (d — l)-dimensions 
will diverge in the asymptotic region. Physically, this means that the spacetime decompactifies at infinity; 
the higher-dimensional theory should be used when describing such black holes in these regions. On the 
other hand one can choose the parameters in f2 such that a = 7. In this case the asymptotic behaviour of 
the {d — l)-dimensional fields is quite different as g zz ~ c ^-i an d the radius of the z-direction collapses 
to zero asymptotically. However the dilaton field still diverges at infinity. Also, one can prove that 
the relevant properties of these solutions can be derived from the corresponding d— dimensional seed 
configurations. 

6.3 T-dual solutions in 10 dimensions 

Finally, let us make a few remarks about the embedding of our solutions into string/M-theory. Our 
neutral, rotating black string solutions were being considered in even dimensions only and, therefore, 
since they admit a negative cosmological constant, one cannot give them a natural interpretation as 
solutions of string/M-theory. However, the charged 5-dimensional black string solution can be given 
such an interpretation. To see this, consider the oxidation back to d = 5 dimensions of the solution given 

in ueedH 



dsl = - „ dt 2 + (a 2 a - ^b)(dz + IU " dt) 2 + ^-+ rW, (69) 

era — 7^0 a z a — 7^0 j 

A {1) = 5V(r)dt + ~fV(r)dz. (70) 



Notice that this solution can be obtained from that of the initial charged black string by making the 
following coordinate transformation: 




Now, even if the two metrics can be locally isometric by means of the above transformation, their global 
structure can be completely different since the coordonate transformation considered above mixes the 
time coordinate t with a periodic spacelike coordinate z. This is also apparent from the above discussion 
in which we have seen that for special values of the parameters in Q the asymptotic radius of the z- 
direction differs considerably: in some cases it can grow like r 2 , while in others it can collapse to zero at 
large distances. 

In [5] it was shown how to obtain the 5-dimensional EM theory with a negative cosmological constant 
from a Kaluza-Klein reduction of Type IIB supergravity on a 5-sphere S" 5 . The reduction ansatz is given 
by: 



ds = dsr, + 



dfif + (4 ( dtpi + -^ A m 



(71) 



where ds 2 is the 5 dimensional metric, jn are direction cosines on the 5 5 (with Ya=i I 1 ! = 1) an d 
are rotation angles on 5 5 . The ansatz for the Ramond-Ramond 5-form was also presented in [5]. One 



2 We normalized the electromagnetic field such that the action in 5 dimensions has again the form |T}. 
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can see that a non-vanishing electromagnetic field Am in 5 dimensions corresponds to a rotation of the 
S 5 by equal amounts in each of its three independent rotation planes. Notice now that a point at fixed 
Hi and (fi on the 5 5 moves on an orbit of £_= d/dt. For the electric black string solution discussed in 
Section 3 the norm of this Killing vector isl 13 l 

^ = -Hr) + ^V{rf. (72) 

As explained in [33], the existence of regions where the norm of this vector becomes positive would signal 
potential instabilities of this metric since in those regions the internal sphere S 5 would rotate at speeds 
higher than the velocity of light. Similarly to the RNAdS case discussed in [33] . we find that the norm 
of this Killing vector is always negative and, therefore, the internal sphere 5 5 never rotates at speeds 
faster than light. 

It is also instructive to note that since the black string horizon is translationally invariant along the 
z direction, one can consider the effect of a T-duality along this spacelike direction. We shall focus here 
on the specific T-duality that interchanges the Type IIA with the Type IIB supergravity solutions. The 
action of T-duality on the supergravity fields is easy to write down in the NS — NS sector. However in 
the RR sector the situation is more complicated as the RR fields transform in the spinorial representation 
of the T-duality group [351136] . For a single T-duality transformation, say along the spacelike coordinate 
z, in the NS — NS sector we have the following transformation laws [37} 138]: 

^ ' B z i ~ G Z iG Z j B Z iB Z j 

<^zz — j ^zi — j — ^ij Y< ' 

^zz ^zz ^zz 

B zi = £K B lJ= B tl - G ^- G ** Bi * , e^ = ^, (73) 

"zz t^zz ^zz 

while in the RR sector we have the following transformations laws of the field strengths F [35] : 

± i 1 -i n „ 1 z r h-i n -i V u L )^zz 1 [j 1 ...i n _ 22 >J "j„]z) 

M n l = F^+P+nF^-V B i]z + n(n-l)G-}F^ B { xZ G { ]z , (74) 

where the indices i, j run over all the coordinates except z, the anti-symmetrization does not involve the 
index z and the upper index for the RR field strengths F^ n ' indicates their rank, with n = 0, 2, 4, 6, 8, 10 
for Type IIB theory, while n = 1,3,5,7,9 for Type IIA theory. However, we notice that these field 
strengths are not independent and they are dual to each other. In consequence the effective action of 
the respective Type II theory contains only field strengths with n < 4. 

For simplicity, we consider the 10 dimensional oxidation of the 'boosted' neutral black string solution 
(|70p . The corresponding ten-dimensional solution of the Type IIB supergravity theory is given by: 



ah A+1 i ( 2 2lwj , Q / ?a -7^,,N2 . dr2 , 2, n 2 , ,2, n 2 

— k tttM + (a a — 7 b)(dz H k ^rdt) + — r + r dU +rdui, 

a z a — j z b a z a — j z b j 



where is the metric element of the unit 5-sphere. This metric is a solution of the Type IIB super- 
gravity equations of motion with the self-dual 5-from given by [5] : 

^ (5) = -%)-i*Hsy (75) 



13 We use a gauge in which the electromagnetic potential is regular on the horizon. 
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On components one has: 

4 4 

^1/12/^3^4/^5 = £ e A t l/*2A t 3A t 4A t 5 ' Frn, 1 rn2m 3 m 4 rn 5 = ~-j^m\mzm&m,&mt > - (76) 

Here the indices /i are indices on the AdS$ sector, while the m's correspond to the indices of the 
coordinates on the 5-sphere. Our definition of the Hodge operator * is such that * 2 .p( n ) = (— l^ n + 1 F^ n \ 
Using (fT3|) and (J7H) one finds: 

ds 2 = - ab+ { f a - 2 l 5h) \ t> + -^- h + d 4+ rW + Z 2 dn|, 
ara — 7^6 ora — 7 Z 6 j 



13 



2/ 



af3a-^5b _ 2(j> 2 2 

— 2 5T, e z<p = a z a-7^, (77) 

a z a — 7 z o 

= ~V« 2 «-7 2 & e M1 ... M4 , = v 7 « 2 « - 7 2 ^ eii-i 6 

where in the above formulae ^ z and i ^ t,r, 0, (p, while e denotes the volume element of the corre- 
sponding subspace. It is an easy matter to check that -kF^ = while -kF^' = —F^ as expected. 

Similarly to the case of the T-dual geometry of a toroidal black hole described in [39J one finds 
that the horizon location of the T-dual geometry is the same, given by the root r = of the equation 
f(r) = 0. The asymptotic limit is non-trivial: 

r 2 £ 2 
ds w ~ -p[-dt 2 + e 2 dQl] +^[dr 2 + dz 2 } +fdn 2 5 , (78) 

for generic values of the parameters describing the SL(2, R) transformation Q. Apart from the metric 
element of the 5-sphere S 5 one notices that the topology at large r is a warped product of a 3-dimensional 
Einstein universe with a 2-dimensional hyperbolic space (compactified along the z direction). However, 
for the special values of the parameters in f2, such that a = 7, one finds that asymptotically the radius 
of the z direction grows like r 2 and therefore the topology of the 5-dimensional part of the metric is very 
similar to the topology of the initial black string solution. 



7 Summary and Discussion 

In this paper we have presented arguments for the existence of static electrically charged as well as neutral 
rotating black string-type solutions of Einstein gravity with negative cosmological constant. These are 
the AdS natural counterparts of the A = uniform black string solutions. The first configuration, 
discussed in Section 3, generalized the neutral black string configurations of Ref. (6J [7] by coupling them 
to an electromagnetic field. In Section 4 we described a rotating generalization of the black strings in 
even dimensions only, with equal angular momenta. Different from the neutral case, no vortex-type 
solution was found in these cases. A discussion of the thermodynamical features of the black string 
solutions was presented in Section 5. It is interesting to note that in all considered cases (inclusing the 
static neutral solutions in [7]), the thermodynamics of the black strings appears to follow the pattern of 
the corresponding black hole solutions with spherical horizons in AdS backgrounds. 

On general grounds, one expects the black objects with a boundary topology R x S d ~ 3 x S* 1 to present 
a richer phase structure than in the usual R x S d ~ 3 case (with R corresponding to the time direction), 
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as the radius of the circle introduces another macroscopic scale in the theory !. For example, it is well- 
known that A = uniform black strings are affected by the Gregory-Laflamme (GL) instability [40] . 
That is, for a given circle size, the black objects with translational symmetry bellow a critical mass are 
linearly unstable. At the critical mass, the marginal mode is static, indicating a new branch of solutions 
with spontaneously broken translational invariance along the compact direction. 

Gregory and Laflamme also noted that the entropy of a fully (i-dimensional black hole is greater than 
that of the black string with same mass, when L is large enough. This argument applies also to some 
of the A < vacuum black string solutions, which are likely to present a GL instability. This issue is 
currently under study as well as the issue of AdS nonuniform black strings, with a dependence on the 
z— coordinate. 

However, charges could prevent the instability of the black object since they could contribute some 
repulsive forces as the horizon shrinks. Gubser and Mitra [H] have proposed an interesting conjecture 
about the relationship between the classical black string/brane instability and the local thermodynamic 
stability. This conjecture asserts that the GL instability of the black objects occur iff they are (locally) 
thermodynamically unstable. The solutions discussed in this paper provide a new laboratory to test this 
conjecture. Some of them are likely to be stable to linear perturbations. 

Another class of A < solutions expected to exist for the same structure of the conformal infinity are 
black holes that do not wrap the circle direction. These solutions would present an S d ~ 2 event horizon 
topology, their approximate form in the near horizon zone being 

ds2 = i d P l, H 5 + <°W + ^ X^S-a) " i 1 ~ Pt* I P^dt 2 + fijdx'dx* , 

I-Po IP 

(where r = psinx, z = pcosx while /« are small corrections), the zeroth order corresponding to the 
d— dimensional Schwarzschild metric. Their leading order asymptotic expansion will be similar to that 
of the black string solutions as given in (|15p . (|18p . These would represent the AdS counterparts of the 
A = black hole solutions in Kaluza-Klein theory discussed e.g. in |42j . 

We expect the solutions considered in this paper to be relevant in the context of AdS/CFT and 
more generally in the context of gauge/gravity dualities. Indeed, as it has been argued at length in [5], 
physical properties of the RNAdS black holes in d dimensions can be related by means of the AdS/CFT 
correspondence to the physics of a class of (d— l)-dimensional field theories that are coupled to a global 
background U(l) current. The k = 1 solutions presented in this paper describe A < electrically charged 
and also rotating black strings that have horizons with topology S 1 x S d ~ 3 and conformal boundary 
Rx S 1 x S"^ 3 . According to the AdS/CFT correspondence, their properties should be similarly related 
to those of a dual field theory living on the AdS boundary. In particular, the background metric upon 
which the dual field theory resides is found by taking the rescaling h a b = linv^oo ^j^ a b- For k = 1 black 

14 Charged bubble solutions can be constructed by taking the analytic continuation z — » iu, t — ► i£ in the general 
line element (|10|l ds 2 = —a(r)du 2 + b(r)d^ 2 + j^j + r 2 dE| d _ 3 , (where £ has a periodicity f3 fixed by the absence of 
conical singularities in the (r, £) sector of the metric), while A — V(r)du. The field equations can be solved by using 
the methods in Section 3, with a very similar set of boundary conditions. As emphasized already, one cannot use the 
numerical solutions in Section 4 to derive the features of the charged bubble solutions. This is clearly seen by considering 
the k = solutions, with f = b = -2m/r d ~ 3 + r 2 /£ 2 + 2q 2 /((d - 2)(d - 3)r 2(d_3) ) for black strings, while f = b = 
-2m/r d - 3 + r 2 /£ 2 - 2q 2 /((d - 2){d - 3)r 2(d ~ 3) ) for bubble solutions (although d(r) = r 2 , V(r) = q/(r d - 3 (3 - d)) + $ in 
both cases). 
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strings we find that for both charged static and neutral rotating solutions the rescaled boundary metric 
is: 



ds 2 = h ab dx a dx b = -dt 2 + dz 2 + £ 2 dfl 2 d _ 3 , (79) 

so that the conformal boundary is indeed R x S 1 x S d ~ 3 . 

The expectation value of the stress tensor of the dual field theory can be computed using the relation 



hh ab < r bc >= lim V=7J ab T bc - (80) 

r— »oc 



Restricting for instance to the case of the electrically charged black strings in 5 dimensions, one can 
see directly that in the asymptotic expansion (|15p or (|18p of the metric functions there is no effect of the 
electric charge in the leading order terms and, therefore, when computing the boundary stress-energy 
tensor one obtains the same components as those corresponding to an uncharged black string [7j. It is 
then apparent that the stress-tensor is finite and covariantly conserved, while its trace matches precisely 
the conformal anomaly of the boundary CFT. 

Let us consider now the d = 6 rotating black string solutions described in Section 4. For these 
solutions we find the following non-vanishing components of the boundary stress-energy tensor: 

_ 2c g + ct - 4c,z e _ 3c g - ct - c z _ c g (I + 5 cos 26) -2(c t + c z ) 

*C T„ J> — — — — — — , <C To J> — — — — — — , *C T n S> - 



16ttG 6 £ ' y 16vrG 6 ^ ' Vl ' 32nG 6 t 

c 9 (l-5cos2g)-2(ct + c 2 ) t . c yl sin2 6 , _<pi . . W2 . = _ 5c g 
^ 2 32ttG 6 £ ' ^ T vi* WttGq ' * * WttG^ 

, _ c^£ cos 2 9 V2 5c g sin 2 6 yi 5c g cos 2 g t 4q - c z - 2c g 

^ 2 16ttG 6 ' ^ 16vrG 6 £ ' ^ 16ttG 6 £ ' * 16vrG 6 ^ ' 

This stress-tensor is traceless, as expected from the absence of conformal anomalies for the boundary 
field theory in odd dimensions. 

More interesting is the situation for the electric black string in seven dimensions. First, notice that 
the boundary stress-tensor components are the same with those corresponding to the neutral black string. 
Therefore, we shall discuss first the case of the uncharged black string in seven dimensions. Indeed, a 
direct computation of the boundary stress-tensor leads to the following components: 

t _ 4000q - 800c z +63 z 4000c. - 800q + 63 g 1600q + 1600c + 117 

< T * >_ 12800vrG 7 £ ' < T * >_ 12800vrG 7 £ ' < T ° > ~ 25600^G 7 ^ ' 

where by 6 we denote the four angular coordinates on the unit sphere S 14 . 

This boundary stress-tensor is finite and covariantly conserved. One can also compute its trace and 
one obtains simply: 
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< < >= (81) 

As expected from the counterterm Lagrangian, it can be checked directly that this trace equals the 
conformal anomaly |23| : 

A = ~ ( RRabRab ~ ^ ~ 2RabRCdR -^ " ^ Ra6 V a V 6 R + R ab OR ab - ^RDr) • (82) 
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According to the AdS/CFT conjecture, this trace anomaly in 6 dimensions should correspond to the 
trace anomaly of a class of 6-dimensional non-trivial CFT with maximal supersymmetry, namely the 
N = (0,2) interacting superconformal theories describing N coincident M5 branes |23j . 

In general, according to the classification given in [33] one can divide the trace anomalies into Type 
A, which are proportional with the topological Euler density, Type B, which are made-up out of Weyl 
invariants computed using the Weyl tensor, and also, trivial anomalies, which can be expressed as total 
derivatives and can be cancelled by the variation of a finite covariant counterterm added to the action. 
Therefore, the trace anomaly can be expressed in 6 dimensions as |23j : 

A =-^rr-^k {Em+Im+ViJ,) ' (83) 

where Ef$\ is a term proportional to the Euler density Eq in 6 dimensions, Ir 6 \ is a Weyl invariant term 
constructed using the 3 Weyl invariants in 6 dimensions, while VjJ* is a trivial anomaly. Before we 
write the trace anomaly in this form, we shall express it in terms of field theory quantities by using the 
relation f/G 7 = 16N 3 /3tt 2 [23]. 

Using now the expressions defined in Appendix, we have [45] : 



AN 3 

A = 



7T 3 



E 6 + 8(12/i + 3/ 2 - / 3 ) + 4 V » X 



(84) 



^ 2 H 3 2 ^ u -V , " , o, 35 

where 

Vif = 420C 3 - 504C 4 - 840C 5 - 84C 6 + I68OC7. (85) 

When evaluated on the boundary geometry corresponding to the black string solution, we obtain Eq = 0, 
ViJ* = 0, while h = -51/HXtf 6 , I 2 = 39/25^ 6 and I 3 = -684/25^ 6 . One can now check explicitly that 
the above expression gives precisely the anomaly ([82]) . 

It is of interest to compare the above result with that corresponding to another maximally supersym- 
metric CFT in 6 dimensions: namely the non-interacting one, made up by N copies of the free N = (0, 2) 
tensor multiplet containing five scalars, one two-form with selfdual field strength and two Weyl fermions 
, 146] . The conformal anomaly for the free (2,0) tensor multiplet was computed in [45] : 



7T 3 



' ' 7 -E 6 + 8(12/! + 3/2-/3) + 4 V*JT 



^1132 V4 D v 1 z aj 35 
where 

V;JT = 56C 2 - 420C3 - 420C 5 - 210C 6 + 840C 7 . (87) 

Apart from the expected factor of 4iV 3 [45] . one notices that in the black string background the two 
anomalies are basically the same (since for this background the Euler density is identically zero, while 
ViJ 1 = as well). 

As we have previously mentioned, at leading order the components of the boundary stress-energy 
tensor do not exhibit any explicit dependence on the electric charge and therefore much of the above dis- 
cussion regarding the conformal anomaly carries through. Since the 7-dimensional gauged supergravities 
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that appear from compactifications of 11-dimensional supergravity do not admit a truncation to pure EM 
theories with negative cosmological constant, it is then apparent that the electric black string solution 
cannot be embedded into any such 7-dimensional gauged supergravity. For this reason the nature of the 
dual boundary field theory is unknown. However, in the spirit of AdS/CFT correspondence, the charge 
carried by these solutions can be accounted for by switching on a background global U(l) current (or its 
canonical conjugate charge) to which the dual field theory couples. 

As avenues for further research, it might be interesting to study the more general case of charged and 
rotating AdS black string solutions, to which the solutions discussed in this paper would be particular 
cases. However, a more complicated action principle than ([I]) is required in order to provide a consistent 
embedding in higher dimensional gauged supergravities (in 10 and 11 dimensions) of these solutions. For 
example, in d = 5, the simplest supergravity model contains a Chern-Simons term. For the static black 
string solution discussed in this paper it is obvious that this term is trivially zero. However, it cannot 
be neglected when discussing general charged rotating black string solutions. 
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Appendix 

Following the discussion in [36 
Ki = R 3 , 

Ka = Ra m RrnRi a , 



we use the following basis of 17 curvature invariants: 



K 2 - RR nb , 



p E> nmabn 



K, = RRl 



abmn ' 



p namnl p6 



K7 — Rab mn Rmn-' Rij ab , Kg — RamnbR™^ R^ j , Kg — RV 2 R , 

K 10 = R ab V 2 R ab , K n = R abnm V 2 R abmn , K 12 = R ab V a V b R , 



Kl3 — (V a i? mn ) 2 
K 16 = V 2 R 2 , 



K u = V a RbnN b R am , 



K 17 = V 4 R . 



Kl5 — (SiRabmnY 



(A-l) 
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Then a basis for the non-trivial anomalies in six dimensions can be written as: 

19 57 3 7 9 3 

Mi = A x K 2 + —K 3 + —K i --K 5 --K 6 + K 8 , 

800 160 40 16 8 4 b s ' 

O 07 Q E\ Q 

M 2 = Ki if 2 + — K 3 + -A 4 - -AT 5 - 3A 6 + # 7 , 

200 40 10 4 2 5 0^7, 

M 3 = -K 1 + 8K 2 + 2K 3 -10K 4l + 10K 5 --K 9 + 5K 10 -5K 11 , 

M 4 = -^1 + 12^2-3^3-16^4 + 24^5 + 24^6-4^7-8^8, 

M 5 = 6^6-3^7 + 12^8 + ^10-7^11-11^13 + 12^14-4^15, 

M 6 = -^9 + ^10 + ^12 + ^13, (A-2) 
3 4 

M 7 = K 4 + K 5 -—K 9 + -K 12 + K 14 , 
20 5 

M 8 = --Kg + K n + -K 12 + K 15 , 

M 9 = K 16 , Mio = K 17 . 
From these quantities one can form the following trivial anomalies: 

Ci = Mio, C 2 = ^Mg, C 3 = -^M 9 + (A'lQ + #13), 

C 4 = -Im 6 + M 7 - J-M 9 + I(Kio + Ai 3 ), c 5 = -M 6 + M 8 + ±-M 9 , (A-3) 
fa 72 b 20 

C 6 = 2M 6 - M 7 + ^Mg - 2(K 10 + #13), ^7 = ^M 5 - ^M 6 - ^M 7 + ^M 8 + ^M 9 . 

Finally, one is now ready to compute the topological Euler density in 6 dimensions and the three Weyl 
invariants |46j : 

E 6 = 8M 4 , h = Mi , I 2 = M 2 , 

16 8 1 2 2 13 1 . . 

h = —Mi + -M 2 - ~M 3 + -M 4 - -M 5 - —M 6 + 2M 7 + -M 8 . A-4 
3 3 5 3 3 3 3 
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